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Three-Dimensional Stagnation-Point
Heat Transfer in Equilibrium Air Flows

ANDRZEJ WORTMAN*
Northrop Corporation, Hawthorne, Calif.

Nomenclature
C
/
g
h
K

= PM/(PM)CO
= stream function such that df/drj = (Ui/Uim); i — 1,2
= enthalpy function = h/hm
= enthalpy
= transverse to principal inviscid velocity ratio = «2/ai

Nu = Nusselt number = qsPrsXi/(hm — hs)ps
Pr = Prandtl number, frozen
q = heat flux normal to the surface
Re — Reynolds number = psaiXi2//iS

= component of velocity
= airspeed
= coordinate
= inviscid velocity gradient, Ui — aiXifi
= heat transfer parameter = CS0//(1 — gs)Prs
= viscosity

= density

P 0!l\1/

— — )
Moo /

(p/P<x>)dxz

Subscripts
i = orthogonal coordinate system directions with 1 and 2

being along the surface and 3 normal to it
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s = surface conditions
oo = outer limit of the boundary layer

THIS Note summarizes the results of a parametric study of
heat transfer to general, regular three-dimensional stag-

nation points in equilibrium air flows at speeds up to 29,000
fps. The boundary-layer flows considered here are found at
stagnation -points of a class of three-dimensional bodies rang-
ing from spheres, through cylinders, to saddle shapes with
equal magnitudes of inviscid velocity gradients in the two
principal planes. The main objective here is to present engi-
neering data that the previous studies of this class of problems
failed to produce. The most extensive published data are
those of : 1) Foots1 who considered gases with p/i = con-
stant, p ex h~l, Pr = 1.0; and 2) Libby2 who extended the
work of Foots to Pr = 0.7 and surface mass transfer.

In both these studies it seems that the methods of solution
influenced the decision to employ the simplifying assumption
of pjit = const, thus, in effect, eliminating a critical heat-
transfer variable and therefore producing data of limited
engineering value. On the other hand Reshotko3 obtained
useful engineering estimates by employing a transformation
that enabled him to use existing two-dimensional results. By
developing simple, accurate engineering relations the present
effort follows the pioneering work of Fay and Riddell,4 who
presented an expression for real-gas heat transfer to an
axisymmetric stagnation point, and the later work of Cohen,5
who developed correlation functions for a variety of laminar
boundary-layer flows.

Governing Equations and Method of Solution
The basic differential equations describing compressible

variable-properties three-dimensional boundary-layer flows
have been discussed thoroughly elsewhere (e.g., Chan6) so
that only their final form will be shown here :

(Cfi'Y + (/i + (la)+ (Pco/p - /i'2) = 0

K(Pm/P - /2") = o
(Cg'/PrY + (/i + KfM = 0 (lc)

Table 1 Heat-transfer parameter X

Air-
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5
5
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10
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20
20
25 X 103
25
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25
29 X 103
29
29
29
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Fig. 1 Heat-transfer pa-
rameter X, V = 5000 fps.

The boundary conditions are

1,2

1.0, » = 1,

(2a)

(2b)

The prime denotes differentiation with respect to 77.
The relations for density and C were taken from Cohen5

and the variation of the frozen Prandtl number with enthalpy
was calculated using the three polynomial curve fits of Clutter
and Smith.7 Lewis number was taken to be unity since
Cohen showed that the effects of nonunity Lewis number on
heat transfer were minor and could be estimated quite ac-
curately. The range of air properties correlations are stated
by Cohen to be between 300K and flight velocities correspond-
ing to 29,000 fps. The method of solution employed here was
developed in Ref. 8 where it was applied to a wide range of
boundary-layer problems. A typical example with 151 steps
across the boundary layer converged to 4 decimal places in
under 4 sec of IBM 360/65 time.

Results
It is convenient to define a heat-transfer parameter that

contains the bulk of the effect of the variation of gas proper-
ties across the boundary layer. With the definition

X = Cags'/(\ - gs)Pra = (Nu/Re^)(Cs^/Pr8) (3)
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we have the usual grouping of the Nusselt number divided by
the square root of Reynolds number, together with some
further accounting for real-gas effects. The heat-transfer
results are summarized in Table 1.

The variation of X with K and gs is quite similar for all
energy levels and the curves shown in Fig. 1 are typical of
those found in the whole speed range. The weak influence of
gs on X should be noted.

It is quite significant that the influence of shape, or cross-
flow, increases with decreasing gs, and the greatest variation
in X is observed at the lowest values of gs. This result does
not support the frequently employed small-cross-flow as-
sumption which uncouples the transverse and principal plane
momentum equations for flows with "cold walls."

It is customary in heat-transfer work to account for the
variation of the physical properties of the gas by correlating
the heat transfer coefficients with some values of the density-
viscosity product C in the boundary layer. At axisymmetric
and cylindrical stagnation points, the surface value Cs was
used successfully in Refs. 4 and 5 to correlate data for a wide
range of airspeeds and gs. The weak influence of U and gs on
X is exhibited in Fig. 2. Quite obvious from this figure is the
strong influence of shape, characterized by K, which enters
the problem through the acceleration terms and thus involves
the density of the boundary-layer gas. In order to simplify
the correlation functions it is convenient to account separately
for the effects of the two main parameters of the problem.
One of the more obvious approaches is to normalize the real
gas data by the results for gases in which the variations of C
and Pr are suppressed.

The results of Ref. 8 for a model gas with p™h~l, C = 1.0,
and Pr = 0.7 are shown in Table 2 to illustrate the effects of
gs without any variation of Cs or Pr. When the real-gas
data are normalized by the model gas results, then

X* = X/X(c=i,pr=o.7) (same gs) (4)
is virtually independent of K.

All the data f or 1 < C < 5 are correlated to within 4% with
the relation

X* - 1 = 0.12(CS - I)0-5 (5)
This relation is easier to use than may appear at first glance

Table 2 Heat-transfer parameter X(c = i,pr = 0.7)

Fig. 2 Heat-transfer parameter X.
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because the data of Table 2 may be approximated quite ac-
curately by straight-line relations.

With such straight-line fits of data for a given value of K, it
seems possible to correlate the data to an accuracy that is well
within the accuracy of the physical properties equations and
the assumption of Lewis number of unity. Corrections for
Lewis number ^ I which are discussed in Ref. 5 will improve
the accuracy of the desired relation to the point where further
refinements may not be worthwhile.
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Viscous Blunt-Body Flow with Radiation

WlLHELM SCHNEIDER*
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Aachen, Germany

Problem and Results

THE following analysis is intended to clarify the contro-
versial question1-2 how radiative emission effects the flow

in the shock structure of a low-density hypersonic flow around
a blunt body. Bush's treatment3 of the viscous blunt-body
problem by the method of matched asymptotic expansions
is extended to the flow of a radiating gas. The result is that
the radiation term of the energy equation is a small, higher-
order term in the entire shock structure (consisting of three
different regions) if the radiation-convection parameter
F f is of order one; in the shock layer, however, the radiation
term is then of the same order of magnitude as the largest
convection term. It is, therefore, correct to omit the radi-
ation term in the shock structure provided that the limiting
case of very strong radiation is excluded. Consequently
Cheng's modified shock relations4 may be used as outer
boundary conditions for the viscous and radiating shock
layer, and the shock layer equations can be solved inde-
pendently of the solution of the shock structure.5-6 This does

Received September 8, 1970; revision received January 27,
1971.

* Research Scientist.
t F is denned subsequent to Eq. (1).

not mean, however, that there is no first-order effect of radi-
ation on the shock structure; for, an indirect influence of
radiation on the shock structure arises from matching the
shock structure solution with the shock layer solution.

Analysis

Nondimensional variables are used, the notation being the
same as in Bush's paper3; x and y are boundary-layer co-
ordinates, u and v are the velocity components in x and y
direction, r is the distance from the axis of symmetry, K the
longitudinal curvature of the axisymmetric body, <3> the in-
clination angle of the body surface, and h = 1 + xy. All
lengths are referred to the body nose radius a, all flow quanti-
ties to their freestream values. A perfect gas is assumed,
having constant specific heats, constant Prandtl number
Pr (of order 1) and viscosity ju varying as Tw. The equa-
tions of continuity and momentum are not changed by radi-
ative energy transfer, but the equation of energy, as given
by Bush,3 has to be completed by adding a radiation term.
Because of the low density, absorption within the shock layer
and shock structure is negligible.6 The energy emitted per
unit time and unit mass is denoted by Q*, and a nondimen-
sional emission rate Q = Q*/Qm«* is introduced, with
Qmax* being the maximum value of Q* in the flowfield. Now
the energy equation can be written as

u
P I T" •

2e
• + 6

i r d^ ^ dr
PrRe \J)y

1 A f Jt I
/i da; \ /^ c

.
h dz dy

cos$\ d
T- +

r A c)£ J (1 — e)#e

[9 f^L\ o /JL d^ ^\2
 9 /^ sin^ + v cos^y

\*y) + \h!ta TJ \ r )
du _ xu l_ dv \2 2 / I C)M dt;
dy h + h dx) 3 \h dx + dy

>\n __ 2eM
/ J 1-

HV u sin<i> -f- v 2eMz_
e (1)

where M is the freestream Mach number, Re the freestream
Reynolds number, Re = pmUma/jjim, F a radiation-convection
parameter, F = aQma.x*/Ua>*,i and e = (7 — l)/(y + 1) with
7 as ratio of the specific heats.

For the case without radiation, F = 0, asymptotic expan-
sions were constructed by Bush3 f or M -> <*> | Re -*> oo } and
e -» 0 in such a way that d = (1 — e)/2eM2 -> 0. In order
to extend the expansions to the flow of a radiating gas, we
notice that the orders of magnitude of the flow variables will
not be changed by the effects of radiation, provided that the
case of very strong radiation (F ->• °°) is excluded from the
considerations. Hence we can take over Bush's matched
asymptotic expansions into the analysis of the radiating
field, and the extension is made by simply expanding the
emission term of the energy equation (1) in the same manner
as the flow variables. In the course of these developments,
it will be assumed that Q*, i.e., the energy emission per unit
mass, decreases with decreasing temperature at least as
T1"", and that Q* also decreases with decreasing density or
that is almost independent of the density. These assump-
tions are usually valid for nonequilibrium radiation6 as well
as in the case of local thermodynamic equilibrium.8 The
results of the expansions for the various flow regions are given
below, and the magnitude of the radiation term, denoted by
<?rad, is compared with the magnitude of a typical leading
term, which may be either a convection term gconv, or a con-
duction term <?COnd.

t If the gas were in local thermodynamic equilibrium, r would
be equivalent to the parameter Tsasea used by Liu and Sogame.7


