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Three-Dimensional Stagnation-Point
Heat Transfer in Equilibrium Air Flows
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THIS Note summarizes the results of a parametric study of
heat transfer to general, regular three-dimensional stag-
nation points in equilibrium air flows at speeds up to 29,000
fps. The boundary-layer flows considered here are found at
stagnation-points of a class of three-dimensional bodies rang-
ing from spheres, through cylinders, to saddle shapes with
equal magnitudes of inviscid velocity gradients in the two
principal planes. The main objective here is to present engi-
neering data that the previous studies of this elass of problems
failed to produce. The most extensive published data are
those of: 1) Poots! who considered gases with pu = con-
stant, p « A7Y Pr = 1.0; and 2) Libby? who extended the
work of Poots to Pr = 0.7 and surface mass transfer.

In both these studies it seems that the methods of solution
influenced the decision to employ the simplifying assumption
of pu = const, thus, in effect, eliminating a critical heat-
transfer variable and therefore producing data of limited
engineering value. On the other hand Reshotko? obtained
useful engineering estimates by employing a transformation
that enabled him to use existing two-dimensional results. By
developing simple, accurate engineering relations the present
effort follows the pioneering work of Fay and Riddell,* who
presented an expression for real-gas heat transfer to an
axisymmetric stagnation point, and the later work of Cohen,?
who developed correlation functions for a variety of laminar
boundary-layer flows.

Governing Equations and Method of Solution

The basic differential equations describing compressible
variable-properties three-dimensional boundary-layer flows
have been discussed thoroughly elsewhere (e.g., Chan®) so
that only their final form will be shown here:

CAY + (h + ERA" + (po/p — /1) = 0 (1a)
CR") + (i + KR)f" + K(po/p — f2') = 0 (1b)
Cy'/Pr)" + (i + Kfo)g" = 0 (Le)

Table 1 Heat-transfer parameter A

Air-
speed, K

fps gs 1.0 0.6 0.2 0.0 —-0.3 —0.5

5 X 10 0.30 0.996 0.892 0.784¢ 0.730 0.666 0.663
5 0.50 0.981 0.880 0.775 0.724 0.668 0.669
5 0.70 0.965 0.865 0.763 0.715 0.668 0.670
5 0.90 0.950 0.852 0.753 0.707 0.665 0.668
10 X 10® 0.10 0.986 0.884 0.776 0.723 0.658 0.655
10 0.20 0.960 0.860 0.756 0.706 0.648 0.647
10 0.30 0.939 0.842 0.741 0.693 0.639 0.640
10 0.50 0.919 0.824 0.727 0.681 0.632 0.636
15 X 10 0.05 0.990 0.887 0.779 0.725 0.661 0.657
15 0.10 0.973 0.873 0.767 0.715 0.654 0.651
15 0.20 0.956 0.857 0.754 0.704 0.647 0.647
15 0.30 0.947 0.850 0.748 0.600 0.645 0.647
20 X 106 0.05 0.995 0.892 0.783 0.730 0.666 0.661
20 0.10 0.984 0.882 0.775 0.722 0.661 0.658
20 0.20 0.974 0.874 0.768 0.717 0.659 0.658
20 0.30 0.969 0.869 0.765 0.715 0.660 0.660
25 X 103 0.01 1.020 0.914 0.802 0.747 0.679 0.673
25 0.05 1.006 0.902 0.764 0.738 0.673 0.668
25 0.10 1.000 0.896 0.788 0.734 0.671 0.668
25 0.20 0.993 0.891 0.783 0.731 0.672 0.669
25 0.30 0.989 0.887 0.781 0.729 0.672 0.672
29 X 10° (.01 '1.026 0.920 0.807 0.752 0.684 0.677
29 0.05 1.015 0.910 0.799 0.744 0.674 0.672
29 0.10 1.010 0.905 0.795 0.741 0.678 0.674
29 0.20 1.004 0.900 0.791 0.739 0.678 0.676
29 0.30 0.999 0.896 0.788 0.737 0.679 0.679
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Fig. 1 Heat-transfer pa-
rameter A\, U = 5000 fps.

we have the usual grouping of the Nusselt number divided by
the square root of Reynolds number, together with some
The heat-transfer

A
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=0.5 \
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The boundary conditions are
1=0/f'=fi=0y¢9=g,1i=12 (22) further accounting for real-gas effects.
m— o, fi! >1,g—1.0i=12 (2b) results are summarized in Table 1.
1 Je H bl y

The prime denotes differentiation with respect to 7.

The relations for density and C were taken from Cohen®
and the variation of the frozen Prandtl number with enthalpy
was calculated using the three polynomial curve fits of Clutter
and Smith.” Lewis number was taken to be unity since
Cohen showed that the effects of nonunity Lewis number on
heat transfer were minor and could be estimated quite ac-
curately. The range of air properties correlations are stated
by Cohen to be between 300K and flight velocities correspond-
ing t0 29,000 fps. 'The method of solution employed here was
developed in Ref. 8 where it was applied to a wide range of
boundary-layer problems. A typical example with 151 steps
across the boundary layer converged to 4 decimal places in
under 4 sec of IBM 360/65 time.

Results

It is convenient to define a heat-transfer parameter that
contains the bulk of the effect of the variation of gas proper-
ties across the boundary layer. With the definition

A= Cy'/(1 — g)Pry = (Nu/Re'%)(C1'2/Pr,)  (3)

1.1

The variation of A with K and g, is quite similar for all
energy levels and the curves shown in Fig. 1 are typical of
those found in the whole speed range. The weak influence of
gs on A should be noted.

It is quite significant that the influence of shape, or cross-
flow, increases with decreasing g., and the greatest variation
in N is observed at the lowest values of g.. This result does
not support the frequently employed smali-cross-flow as-
sumption which uncouples the transverse and principal plane
momentum equations for flows with ‘“‘cold walls.”

It is customary in heat-transfer work to account for the
variation of the physical properties of the gas by correlating
the heat transfer coefficients with some values of the density-
viscosity produet € in the boundary layer. At axisymmetric
and cylindrical stagnation points, the surface value C. was
used successfully in Refs. 4 and 5 to correlate data for a wide
range of airspeeds and g,. The weak influence of U and g, on
\ is exhibited in Fig. 2. Quite obvious from this figure is the
strong influence of shape, characterized by K, which enters
the problem through the acceleration terms and thus involves
the density of the boundary-layer gas. In order to simplify
the correlation functions it is convenient to account separately
for the effects of the two main parameters of the problem.
One of the more obvious approaches is to normalize the real

10 e gas date by the results for gases in which the variations of C
o o8 and Pr are suppressed.
o8 - 02 u=-29.00F/s The results of Ref. 8 for a model gas with pwh™, ¢ = 1.0,
o7 — :’: and Pr = 0.7 are shown in Table 2 to illustrate the effects of
06 - g, without any variation of C, or Pr. When the real-gas
data are normalized by the model gas results, then
0.5 — K =10 A¥ = )\/ 7\(c=1,1>r=o-7) (same gs) (4)
g p——— ?g 0 15000 Ft/s is virtually independent of K.
A 02 ' All the data for 1 < C < 5 are correlated to within 4%, with
0.7 2: the relation
0s " A* — 1 = 0.12(C, — 1)08 (5)
s This relation is easier to use than may appear at first glance
0.
o Table 2 Heat-transfer parameter A\(=1,Pr=0.7)
‘ 7—'— K=10
0.9 — 0.6 gs = h /hm
o
2 e———— I VLS LU K 00l 01 02 04 06 0.8
.——’-'—‘-———‘ B
== 1.0 0.8667 0.8751 0.8854 0.9035 0.9203 0.9360
0.6 0.6 0.7760 0.7843 0.7933 0.8100 0.8255 0.8485
0.2 0.6768 0.6853 0.6944 0.7111 0.7265 0.7405
0.1 0.0 0.6243 0.6339 0.6440 0.6623 0.6790 0.6945
o 2 3 4 5 6 1T 8 910 —0.5 0.5362 0.5547 0.5728 0.6035 '0.6295 0.6525
Cs —0.75 0.6058 0.6203 0.6353 0.6623 0.6890 0.7110
—~1.0 0.6987 0.7130 0.6601 0.7540 0.7865 0.8075

Fig. 2 Heat-transfer param}ater Al
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because the data of Table 2 may be approximated quite ac-
curately by straight-line relations.

With such straight-line fits of data for a given value of K, it
seems possible to correlate the data to an accuracy that is well
within the accuracy of the physical properties equations and
the assumption of Lewis number of unity. Corrections for
Lewis number = 1 which are discussed in Ref. 5 will improve
the accuracy of the desired relation to the point where further
refinements may not be worthwhile.
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Viscous Blunt-Body Flow with Radiation
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Problem and Results

HE following analysis is intended to clarify the contro-

versial question®? how radiative emission effects the flow
in the shock stricture of a low-density hypersonic flow around
a blunt body. Bush’s treatment? of the viscous blunt-body
problem by the method of matched asymptotic expansions
is extended to the flow of a radiating gas. The result is that
the radiation term of the energy equation is a small, higher-
order term in the entire shock structure (consisting of three
different regions) if the radiation-convection parameter
T s of order one; in the shock layer, however, the radiation
term is then of the same order of magnitude as the largest
convection term. It is, therefore, correct to omit the radi-
ation term in the shock structure provided that the limiting
case of very strong radiation is excluded. Consequently
Cheng’s modified shock relations* may be used as outer
boundary conditions for the viscous and radiating shock
layer, and the shock layer equations can be solved inde-
pendently of the solution of the shock structure.>¢ This does

Received September 8, 1970; revision received January 27,
1971.
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1 T'is defined subsequent to Eq. (1).
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not mean, however, that there is no first-order effect of radi-
ation on the shock structure; for, an indirect influence of
radiation on the shock structure arises from matching the
shoek strueture solution with the shock layer solution.

Analysis

Nondimeunsional variables are used, the notation being the
same as in Bush’s paper®; ¢ and y are boundary-layer co-
ordinates, 4 and v are the velocity components in & and y
direction, r is the distance from the axis of symmetry, » the
longitudinal curvature of the axisymmetric body, ® the in-
clination angle of the body surface, and 2 = 1 + sxy. All
lengths are referred to the body nose radius g, all flow quanti-
ties to their freestream values. A perfect gas is assumed,
having constant specific heats, constant Prandtl number
Pr (of order 1) and viscosity u varying as T¢. The equa-
tions of continuity and momentum are not changed by radi-
ative energy transfer, but the equation of energy, as given
by Bush,® has to be completed by adding a radiation term.
Because of the low density, absorption within the shock layer
and shock structure is negligible.® The energy emitted per
unit time and unit mass is denoted by @*, and a nondimen-
sional emission rate @ = Q*/@m.* is introduced, with
Qmsx* being the maximum value of @* in the flowfield. Now
the energy equation can be written as

w oT ,  of 2e (v op , op)_

p(h bx+vay) 1+e<h bx+ y)_
1 o cosd oT

PrRe[ < ) ( T)’u'—sz—/ﬁ_l—
L2 (120, w0 p 0T, sl

hdx\h Ox r h O (1 — €)Re
[2(§v>+2<l bu_l_u_) +2(usinfl>+vcos<1>)2+
Y h r

ou U 1 2 (1 ou ov
(srrrm;) - (7$+ay+

%v+ u sin® -+ vcos@) ] _ 2eM? ToQ (1)
r 1 — ¢

where M is the freestream Mach number, Re the freestream
Reynolds number, Re = poUs/u=, I' a radiation-convection
parameter, I' = aQum.x*/Ubtand e = (v — 1)/(v + 1) with
« as ratio of the specific heats.

For the case without radiation, I' = 0, asymptotic expan-
sions were constructed by Bush? for M — «, Re — =, and
e — 0 in such a way that § = (1 — €)/2eM? — 0. In order
to extend the expansions to the flow of a radiating gas, we
notice that the orders of magnitude of the flow variables will
not be changed by the effects of radiation, provided that the
case of very strong radiation (I' > =) is excluded from the
considerations. Hence we can take over Bush’s matched
asymptotic expansions into the analysis of the radiating
field, and the extension is made by simply expanding the
emission term of the energy equation (1) in the same manner
as the flow variables. In the course of these developments,
it will be assumed that Q% ie., the energy emission per unit
magss, decreases with decreasing temperature at least as
Tt and that Q* also decreases with decreasing density or
that is almost independent of the density. These assump-
tions are usually valid for nonequilibrium radiation® as well
as in the case of local thermodynamic equilibrium.® The
results of the expansions for the various flow regions are given
below, and the magnitude of the radiation term, denoted by
@rea, 15 compared with the magnitude of a typical leading
term, which may be either a convection term geonv, Or a con-
duction term geong.

1 If the gas were in local thermodynamic equilibrium, T would
be equivalent to the parameter I'sasea used by Liu and Sogame.”



